









We present the magnetic duals of Guven's electric-type solutions of D=11 su-
pergravity preserving 1=4 or 1=8 of the D=11 supersymmetry. We interpret the
electric solutions as n orthogonal intersecting membranes and the magnetic solu-
tions as n orthogonal intersecting 5-branes, with n = 2; 3. On reduction to D = 4
these solutions become electric or magnetic dilaton black holes with dilaton cou-
pling constant a = 1 (for n = 2) or a = 1=
p
3 (for n = 3). We also discuss the
reduction to D=10.
1. Introduction
There is now considerable evidence for the existence of a consistent super-
symmetric quantum theory in 11 dimensions (D=11) for which the eective eld
theory is D=11 supergravity. This theory, which goes by the name of M-theory,
is possibly a supermembrane theory [1]; in any case, the membrane solution of
D=11 supergravity [2], and its magnetic-dual 5-brane solution [3], (which we re-
fer to jointly as `M-branes') play a central role in what we currently understand
about M-theory and its implications for non-perturbative superstring theory (see,
for example, [4,5,6,7,8,9]). It is therefore clearly of importance to gain a fuller
understanding of all the p-brane-like solutions of D=11 supergravity.
For example, it was shown by Guven [3] that the membrane solution of [2] is
actually just the rst member of a set of three electric-type solutions parametrized,































where H is a harmonic function on E
10 2n





is the 4-form eld strength of D=11 supergravity. The











, respectively. The n = 1 case is the membrane solution of [2]. We shall
refer to the n = 2 and n = 3 cases, which were interpreted in [3] as, respectively,
a 4-brane and 6-brane, as the `Guven solutions'. Their existence has always been
something of a mystery since D=11 supergravity does not have the ve-form or
seven-form potentials that one would expect to couple to a 4-brane or a 6-brane.
Moreover, unlike the membrane which has a magnetic dual 5-brane, there are no
known magnetic duals of the Guven solutions.
In our opinion, the p-brane interpretation given by Guven to his electric n =
2; 3 solutions is questionable because of the lack of (p + 1)-dimensional Poincare
2
invariance expected of such objects. This is to be contrasted with the n = 1 case,
for which the solution (1.1) acquires a 3-dimensional Poincare invariance appro-
priate to its membrane interpretation. In this paper we shall demystify the Guven
solutions by re-interpreting them as orthogonally intersecting membranes. We also
present their magnetic duals which can be interpreted as orthogonally intersect-







of the D=11 supersymmetry.
Particle solutions in four dimensions (D=4) can be obtained from M-brane
solutions in D=11 by wrapping them around 2-cycles or 5-cycles of the compacti-
fying space. This is particularly simple in the case of toroidal reduction to D=4. In
this case, wrapped membranes and 5-branes can be interpreted [4] as, respectively,
electric and magnetic a =
p
3 extreme black holes (in a now standard terminology
which we elaborate below). Here we show that Guven's solutions, and their mag-
netic duals, have a D=4 interpretation as either a = 1 (for n = 2) or a = 1=
p
3
(for n = 3) extreme electric or magnetic black holes. This D=11 interpretation of
the a = 1; 1=
p
3 extreme black holes in D=4 is in striking accord with a recent
interpretation of them as bound states at threshold [10] of two (for a = 1) or three




3 extreme black holes.
Rather than reduce to D=4 one can instead reduce to D=10 to nd various
solutions of IIA supergravity representing intersecting p-branes. We shall briey
mention these at the conclusion of this paper. Since there has been considerable
discussion in the recent literature of `branes within branes' either as worldvolume
solitons or as boundaries of open p-branes [11,12,13,14,15], we should emphasize
that the solutions considered here cannot be given this interpretation, i.e. the in-
tersection is purely geometrical and does not imply some concentration of energy
density. We note also that the general problem of intersecting objects in supersym-
metric theories has been discussed previously [16], but this discussion was limited
to at space and had rather dierent aims.
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2. Intersecting p-branes
We begin by motivating our re-interpretation of the D=11 supergravity solu-
tions (1.1). The rst point to appreciate is that innite planar p-branes, or their
parallel multi p-brane generalizations, are not the only type of eld conguration
for which one can hope to nd static solutions. Orthogonally intersecting p-branes
could also be static. The simplest case is that of pairs of orthogonal p-branes in-
tersecting in a q-brane, q < p. The next simplest case is three p-branes having a
common q-brane intersection. Here, however, there is already a complication: one
must consider whether the intersection of any two of the three p-branes is also a
q-brane or whether it is an r-brane with r > q (we shall encounter both cases be-
low). There are clearly many other possibilities once one considers more than three
intersecting p-branes, and even with only two or three there is the possibility of
intersections of orthogonal p-branes for dierent values of p. A limiting case of or-
thogonal intersections of p-branes occurs when one p-brane lies entirely within the
other. An example in D=11 is the D=11 solution of [17] which can be interpreted
as a membrane lying within a 5-brane. For the purposes of this paper, orthogonal
intersections of two or three p-branes for the same value of p will suce.
Consider the case of n intersecting p-branes in D-dimensions for which the com-
mon intersection is a q-brane, with worldvolume coordinates 

,  = 0; 1; : : : ; q.
The tangent vectors to the p-branes' worldvolumes that are not tangent to the q-
brane's worldvolume span a space V , which we call the `relative transverse space';
we denote its coordinates by x
a
, a = 1; : : : ; `, where ` = dimV . Let y denote
the coordinates of the remaining `overall transverse space' of dimension D  q  `.
The D-dimensional spacetime metric for a system of static and orthogonal p-branes
intersecting in a q-brane should be diagonal, and it should be invariant under the
action on 

of the (q + 1)-dimensional Poincare group. In addition we shall re-
quire, for simplicity, invariance under translations in the x-directions
?
, and invari-
? This assumption implies that the intersections should not be viewed as q-brane solitons of
the worldvolume eld theory of an individual p-brane.
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ance under permutations of the x coordinates (which amounts to invariance under
permutations of the p-branes). Since experience shows that the metric for solu-
tions preserving some supersymmetry are generally conformally at in the overall
transverse directions we shall also assume this. Under these conditions the metric






















We now observe that the solutions (1.1) are of the form (2.1) with D=11, p=2
and q=0, and with ` = 2n. Hence we interpret these solutions as n orthogonal
membranes intersecting at a point. In addition, in the n = 3 case, the pairwise
intersection coincides with the common 0-brane intersection. It is convenient to
consider these cases as special cases of n p-branes in D dimensions pairwise in-
tersecting in a common q-brane, i.e. ` = n(p   q). To see what to expect of the
magnetic duals of such solutions it is convenient to make a periodic identication
of the x-coordinates in (2.1), leading to an interpretation of this conguration as
a q-brane in d  D   n(p   q) dimensions. The magnetic dual of a q-brane in
d dimensions is a ~q-brane, where ~q = d   q   4. We must now nd an inter-
pretation of this ~q-brane as an intersection of n ~p-branes in D-dimensions, where
~p = D   p   4. The consistency of this picture requires that the dimension of the
space
~
V spanned by vectors tangent to the ~p-branes' worldvolumes that are not
tangent to the ~q-brane's worldvolume be D  d = D  n(p  q). This is automatic
when n = 2 (but not when n > 2). As an example, consider the n = 2 Guven
solution, interpreted as two orthogonal membranes with a 0-brane intersection.
Periodic identication of the x-coordinates leads to a particle-like solution in an
eective D=7 supergravity theory. A particle in D=7 is dual to a 3-brane. This
3-brane can now be interpreted as the intersection of two 5-branes. The dimension
of the space spanned by the vectors tangent to the 5-branes' worldvolumes that
are not tangent to the 3-brane's worldvolume span a four-dimensional space, so
the total dimension of the spacetime is 7 + 4 = 11, as required.
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Consider now the n = 3 Guven solution, interpreted as three orthogonal
membranes intersecting at a common 0-brane. Periodic identication of the x-
coordinates now leads to a particle-like solution in an eective D=5 supergravity
theory. A particle is dual to a string in D=5, so we should look for a solution
in D=11 representing three orthogonal 5-branes whose common intersection is a
string. The dimension of the space
~
V spanned by the vectors tangent to the 5-
branes' worldvolumes that are not tangent to the string's worldsheet depends on
whether the common intersection of all three 5-branes is also the intersection of
any pair. If it were then
~
V would take its maximal dimension, 3(5   1) = 14,
leading to a total spacetime dimension of 5 + 14 = 19. Since this is inconsistent
with an interpretation in D=11, we conclude that the pairwise intersection of 5-
branes must be a q-brane with q > 1. In fact, the consistent choice is q = 3, i.e.
each pair of 5-branes has a 3-brane intersection and the three 3-branes themselves
intersect in a string
y
. In this case
~
V has dimension six, leading to a total spacetime
dimension of eleven.
3. Magnetic duals of Guven solutions
We now have sucient information to nd the magnetic duals of the series of
electric solutions (1.1) of D=11 supergravity. They should be of the form (2.1) with
q = 7   2n and they should preserve some fraction of the D=11 supersymmetry.
Solutions that preserve some supersymmetry can most easily be found by seeking
bosonic backgrounds admitting Killing spinors. The Killing spinor equation can be
found directly from the supersymmetry transformation law for the gravitino eld
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 = 0 ; (3:1)
where D
M
is the standard covariant derivative. Solutions  of this equation (if
any) are the Killing spinors of the bosonic background, i.e. the D=11 metric and
y A useful analogy is that of three orthogonal planes in E
3
which intersect pairwise on a line.
The three lines intersect at a point.
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4-form eld strength F
MNPQ
. Backgrounds admitting Killing spinors for which
the Bianchi identity for F
(11)
is also satised are automatically solutions of D=11
supergravity. The proportion of the D=11 supersymmetry preserved by such a
solution equals the dimension of the space of Killing spinors divided by 32.
By substituting an appropriate ansatz for the metric and 4-form into (3.1) we



























= 3 ? dH ^ J ;
(3:2)
where ? is the Hodge star of E
3
, J is the Kahler form on E
2n
and n = 1; 2; 3. Our



























The function H is harmonic on E
3
with point singularities. Asymptotic atness at
`overall transverse innity' requires that H ! 1 there, so that









for some constants 
i
. Note that these solutions have an 8   2n dimensional
Poincare invariance, as required.
















which is formally the same as the 5-brane solution of [3]. The dierence is that the




, i.e. our solution
7
is a special case of the general 5-brane solution, for which H is harmonic on E
5
.
The n = 2; 3 cases are new solutions of D=11 supergravity with the properties
expected from their interpretation as intersecting 5-branes. The solutions of the





































is a constant D=11 spinor. It follows from (3.6) that
the number of supersymmetries preserved by the magnetic intersecting 5-brane
solutions is 2
 n
, exactly as in the electric case.
4. D=4 Interpretation
We now discuss the interpretation of the solutions (1.1) and (3.2) in D=4.
The D=4 eld theory obtained by compactifying D=11 supergravity on T
7
can be





















where F is an abelian 2-form eld strength, provided that the scalar/vector cou-









; 0 : (4:2)
The truncation of N=8 supergravity to (4.1) is not actually a consistent one (in the
standard Kaluza-Klein sense) since consistency requires that F satisfy F ^ F = 0.
? We may assume that a  0 without loss of generality.
8
However, this condition is satised for purely electric or purely magnetic eld
congurations, so purely electric or purely magnetic solutions of the eld equations
of (4.1) are automatically solutions of N=8 supergravity, for the above values of a.
In particular, the static extreme electric or magnetic black holes are solutions of
N=8 supergravity that preserve some proportion of the N=8 supersymmetry. This





It is known that the membrane and vebrane solutions of D=11 supergravity
have a D=4 interpretation as
p
3 extreme black holes. Here we shall extend this
result to the n = 2; 3 cases by showing that the electric solutions (4.1) of D=11
supergravity, and their magnetic duals (3.2) have a D=4 interpretation as extreme
black holes with scalar/vector coupling a =
p
(4=n)   1. As we have seen, the
D=11 solutions for n = 2; 3, electric or magnetic, have a natural interpretation as
particles in D=7 and D=5, respectively. It is therefore convenient to consider a
two-step reduction to D=4, passing by these intermediate dimensions. The n = 3
case is actually simpler, so we shall consider it rst. We rst note that for a = 1=
p
3
the action (4.1) can be obtained from that of simple supergravity in D=5, for which
the bosonic elds are the metric ds
2
(5)
and an abelian vector potential A with 2-form
eld strength F
(5)



















,  and F are the metric and elds appearing in the D=4 action (4.1).
Note that this ansatz involves the truncation of the D=4 axion eld A
5
; it is the
consistency of this truncation that requires F ^ F = 0. As mentioned above, this
does not present problems in the purely electric or purely magnetic cases, so these
D=4 extreme black hole solutions of (4.1) for a = 1=
p
3 can be lifted to solutions of


























where ? is the Hodge star of E
3
and H is a harmonic function on E
3
with some
number of point singularities, i.e. as in (3.4). We get a magnetic a = 1=
p
3 extreme
black hole by wrapping this string around the x
5
direction.
The electric a = 1=
p






















where H is a harmonic function on E
3
. This solution is the `direct' dimensional
reduction of the extreme black hole solution of D=5 supergravity [20]. The latter is




is replaced by E
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where J is a Kahler 2-form on E
6
, provides a consistent truncation to the elds
of D=5 simple supergravity. This allows us to lift solutions of D=5 supergravity
directly to D=11. It is a simple matter to check that the D=5 extreme black hole
solution lifts to the n = 3 Guven solution and that the D=5 extreme black string
lifts to the magnetic n = 3 solution of (3.2).
The a = 1 case works similarly except that the intermediate dimension is D=7.





































= 0, but this will be satised by our solutions. The ansatz
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is the string-frame D=4 metric. Combining the two KK
ansatze, it is not dicult to check that the electric a = 1 extreme black hole lifts
to the n = 2 Guven solution in D=11 and that the magnetic a = 1 extreme black
hole lifts to the new n = 2 magnetic D=11 solution of this paper.
5. Comments
We have extended the D=11 interpretation of D=4 extreme black hole solutions
of N=8 supergravity with scalar/vector coupling a =
p
3 to two of the other three
possible values, namely a = 1 and a = 1=
p
3. While the a =
p
3 black holes
have a D=11 interpretation as wrapped M-branes, the a = 1 and a = 1=
p
3 black
holes have an interpretation as wrappings of, respectively, two or three intersecting
M-branes. We have found no such interpretation for the a = 0 case, i.e. Reissner-
Nordstrom black holes; we suspect that their D=11 interpretation must involve
the gauge elds of KK origin (whereas this is optional for the other values of a).
The solution of D=11 supergravity representing three intersecting 5-branes is
essentially the same as the extreme black string solution of D=5 supergravity. For
both this solution and the D=11 5-brane itself the singularities of H are actually
coordinate singularities at event horizons. Moreover, these solutions were shown in
[19] to be geodesically complete, despite the existence of horizons, so it is of interest
to consider the global structure of the solution representing two intersecting 5-
branes. For this solution the asymptotic form of H near one of its singularities is
H  1=r, where r is the radial coordinate of E
3
. Dening a new radial coordinate
 by r = 
3
























is the metric of the unit 2-sphere. `Spatial' sections of this metric, i.e.
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, where  is the coordinate of R
+
.





remains nite as ! 0.
We have concentrated in this paper on solutions representing intersecting p-
branes in D=11, i.e. M-branes, but the main idea is of course applicable to super-
gravity theories in lower dimensions. In fact, the intersecting M-brane solutions in
D=11 can be used to deduce solutions of D=10 IIA supergravity with a similar, or
identical, interpretation by means of either direct or double dimensional reduction.
Direct reduction yields solutions of D=10 IIA supergravity with exactly the same
interpretation as in D=11, i.e. two (for n = 2) or three (for n = 3) membranes
intersecting at a point, in the electric case, and, in the magnetic case, two 5-branes
intersecting at a 3-brane (for n = 2) or three 5-branes intersecting at a string (for
n = 3). On the other hand, double dimensional reduction of the electric D=11
n > 1 solutions, i.e. wrapping one membrane around the S
1
, gives solutions of
D=10 N=2A supergravity theory representing either a string and a membrane in-
tersecting at a point (for n = 2) or a string and two membranes intersecting at a
point (for n = 3). In the magnetic case, the wrapping can be done in two dierent
ways. One way, which is equivalent to double-dimensional reduction, is to wrap
along one of the relative transverse directions, in which case the D=10 solutions
represent either a 5-brane and a 4-brane intersecting at a 3-brane (for n = 2) or two
5-branes and a 4-brane intersecting at a string (for n = 3). The other way, which
might reasonably be called `triple dimensional' reduction, is to wrap along one of
the directions in the common q-brane intersection, in which case one gets D=10
solutions representing either two 4-branes intersecting at a membrane (for n = 2)
or three 4-branes intersecting at a point (for n = 3). We expect that some of these
IIA D=10 solutions will have a superstring description via Dirichlet-branes.
Finally, we point out that the solutions (4.1) and (3.2) can both be generalized




) is replaced by any Ricci-at Kahler manifold M
n
of complex dimension n. Examples of compact manifolds M
n











a Calabi-Yau space. The new solutions of D=11
12
supergravity obtained in this way generalize the corresponding KK vacuum solution
of D=11 supergravity to one representing an M-brane, or intersecting M-branes,
wrapped around the compactifying space.
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